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CHAOTIC PHENOMENA IN A SIMPLE-3D AUTONOMOUS CIRCUIT WITH A DIODE PAIR
INTRODUCTION
Chaos and its related bifurcation phenomena have been an area of intense research in the last three decades [155−161] . From the 1980s to the 1990s, simple and natural chaos generating circuits were proposed and laboratory experiments were carried out [143,159−161] . Matsumoto et al. insisted that their proposed circuits are natural (not artificial) circuits with only two-terminal nonlinear elements [143] . One of the major problems in this field is in the difficulty to prove the generation of chaos in a rigorous sense [151] . A lot of researchers attempted to solve this problem by adopting simpler dynamics [160−165] . As far as we know, one approach is based on the use of a singular perturbation (slow-fast) method [163−165] , and the other is based on the use of a piecewise-linear technique [143, 151] . First, we explain singular perturbation methods. In the early stage, Rössler proposed a slow-fast threedimensional differential equation which includes a small parameter ε and proved that the mechanism of chaos generation in the third-order circuit can be explained by using a one-dimensional mapping [164, 165] . Levi analyzed a slow-fast forced Van der Pol oscillator theoretically and showed that an irregular solution exists in this equation [163] . On the other hand, Matsumoto et al. proposed a third-order autonomous piecewise-linear circuit dynamics that exhibits chaos which they named the "double scroll" [143, 159] and proved [151] the existence of a Sil'nikov orbit [166] theoretically which implies the existence of infinitely many Smale horseshoes [5] .
Efforts of many research groups have been concentrated during the last decade on describing and understanding chaotic phenomena in deterministic systems.
Existence of countable infinity of unstable periodic orbits as in the case of a Smale's horseshoe is considered as one of the main attributes of chaotic systems (e.g. chaos in the Shi'lnikov sense). Two main approaches towards description of chaotic phenomena can be distinguished. The first approach often referred to in the literature as the metric approach, uses time-series data measured from the considered system to compute metric invariants such as fractal dimension, entropy, Lyapunov exponents or spectrum of singularities. All of these quantities represent averages over the attractor and thus require very large data sets (long time series), are difficult to compute, and the results are not always reliable. The second approach, referred to as topological, describes spatial layout of system trajectories and provides information about geometry of the strange attractor. An interesting method belonging to this category, based on extraction of unstable periodic orbits embedded in the chaotic attractor has been elaborated in a series of papers [167, 168, 171, 172] . The basic idea of this approach is to find an approximation to the curvatures of any nonlinear multidimensional Poincare map using a continuous polygonal surface made of hyper planes in such a way that these hyper planes are tangent to the graph of the map at the unstable periodic points and their slopes are determined by eigenvalues of the Jacobian matrices calculated at these points. One can obtain any needed accuracy of approximation as there exist a countable infinite number of unstable periodic orbits with growing periods and these orbits are dense on the asymptotic strange setrecovering more and more unstable cycles we obtain better approximations. The unstable periodic orbits existing within a particular type of chaotic attractor can be used also for calculating its metric characteristics e.g. the topological entropy and fractal dimension, universal constants such as the Feigenbaum constant and Lyapunov exponents [169, [170] [171] [172] [173] [174] .
The main features of the characterization in terms of unstable periodic orbits can be summarized as follows:
(i) Periodic orbits and their eigenvalues are topologically invariant different representations of the same system (up to a smooth transformation of coordinates) must preserve their topological properties (a fixed point must remain a fixed point in any representation and the same applies to periodic orbits),
(ii) Periodic orbits constitute a "skeleton" for the attractor they determine its spatial layout,
The eigenvalues of closed orbits are metric invariants they describe the scaling between different pieces of the attractor.
(iv) There exists a hierarchical ordering of unstable periodic orbits short cycles give good approximations of the strange set.
(v) Periodic orbits are robust -they vary slowly with smooth parameter variations.
The same applies to their eigenvalues.
(vi) Unstable periodic orbits can be successfully extracted from experimental dataspecific computational methods have been developed for this purpose and implemented in computer programs.
In the present report the behavior of a third-order autonomous oscillator circuit has been studied. This circuit consists of two active elements, one linear negative conductance and one cubic nonlinearity exhibiting symmetrical piecewise-linear v i − characteristics, two linear capacitances (C 1 and C 2 ) and one linear inductor (L) is also included in the circuit, serves as the control parameters [175−179] . In this work we introduce an attractive combined voltage-current capabilities of a current feedback op-amp (CFOA) are used to synthesize linear negative conductance. In addition, a buffered and isolated voltage output that directly represents a state variable is made available while the operating frequency is extended. The simple-3D autonomous third-order oscillator circuit that realizes period-doubling route to chaos followed by periodic window and then to strong chaos through boundary crisis etc. We consider that such complicated chaotic time waveforms are expected to be utilized for realization of several chaotic applications such as chaos communication system with robustness against various interferences including multi user access.
EXPERIMENTAL REALIZATION
The experimental realization of the third-order autonomous oscillator and symmetrical cubic nonlinear characteristics are shown in Fig. 3.1(a) The constant term v describes the input current offset of the op-amp which can be practically adjusted to zero using the potentiometer ( v = 0). By applying Kirchhoff's laws to the equivalent circuit of ( Fig. 3.1(a) ) we obtain the following set of differential equations:
While V 1 and V 2 are the voltages across the capacitors C 1 and C 2 , and i L denote the current through the inductance (L) respectively, the term i N representing the characteristics of the symmetrical cubic nonlinearity can be expressed mathematically as ( )
The simple−3D autonomous oscillator circuit is also truly Van der Pol-Duffing oscillator. This is because, there is no locally active resistance (R) in this circuit, only varying that the inductance (L) value, this circuit exhibits a very interesting dynamical phenomena like period-doubling bifurcation sequence leading to chaos, perioddoubling window and then to strong chaos through boundary condition [186, 187] .
However in the parameter regimes investigated, important features like perioddoubling window, strong chaos have not been reported.
Experimental observations: period-doubling route to chaos via perioddoubling window
For our present experimental study we have chosen the following typical values of the circuit in Fig. 3.1(a) : C 1 = 10nF, C 2 = 3nF. The negative conductance G 1 = −0.14705 mS and cubic nonlinearity a < 0 and b > 0. Here the variable inductor (L) is assumed to be the control parameter.
By increasing the value of L from 100 mH to 250 mH, the circuit behavior of Fig. 3.1(a) is found to transmit from a period doubling route to chaos, and then to period doubling window through strong chaos followed by boundary crisis etc. From our experimental investigations, we find that for the value of L above 100 mH, limit cycle motion is obtained, when the value of L is increased, particularly in the range L = 210 mH the system displays a double band chaotic motion is obtained. The projection of the attractors of the ( ) 1 2
V V − and current sensing resistor with voltage plane of Cathode Ray Oscilloscope are shown in Fig. 3.2 for various values of control parameter L. Fig. 3.3 shows the experimental chaotic time series were registered using a Cathode Ray Oscilloscope for discrete values of L serving as the control parameter.
The third-order autonomous oscillator circuit with the symmetrical cubic nonlinearity can produce strong chaos see in Fig. 3 .4 from which we observe clearly that there are large broad-band power spectrums. The power spectrum corresponding to the voltage V 1 (t) waveform across the capacitor C 1 respectively, which resembles broad-band spectrum noise. V 1 (t) from the circuit of autonomous oscillator.
NUMERICAL REALIZATION
For a convenient numerical analysis of the experimental systems given by Eq. (3.1) , we rescale the parameters as
and then redefine τ as t. Then the normalized equations of the third-order autonomous oscillator circuit ( Fig. 3.1(a) That is, in the actual experimental set up the inductor L is varied from L = 100 mH upwards to 250 mH. Therefore in the numerical simulation we study the corresponding Eq. (3.3) for L in the range L = (100 mH, 250 mH). From our numerical investigations, we find that for the value of L above 100 mH, limit cycle motion is obtained, when the value of L is increased, particularly in the range L = 210 mH the system displays a double band chaotic motion and then to period-doubling window through strong chaos followed by boundary crisis etc. These numerical results are summarized in the phase portraits given in the ) ( 2 1 x x − , and ) ( 3 2 x x − planes are shown in Fig. 3 .5. Fig. 3 .6 Shows the numerical chaotic time series was registered using a discrete value of 'L' serving as the control parameter. It is gratifying to note that the numerical results agree qualitatively very well with that of the laboratory experiments. 
MULTI -SIMULATION RESULTS
In recent years, circuit simulators such as multi-simulation have been used for the simulation of the chaotic circuits. Multi-simulation of the chaotic phenomena in a simple third-order autonomous circuit with a diode pair ( Fig. 3.l(a) ) were carried -out using C 1 = 10 nF, C 2 = 3 nF, L = 155 mH, R L = 6 Ω, and R N = −6,800 Ω. For the implementation of the non-linear element GN, a negative impedance (−RN) is connected in parallel with a diode pair D 1 and D 2 (e.g. 1N4148, B p = 0.65V, R D = 25 Ω at 5 mA). Typical phase portraits of the system corresponding to different regimes are shown in Fig. 3.7 . There is good agreement between the numerical simulation Fig. 3 .5 and the multi-simulation results. interest to study these aspects also in this system as well as the intermittency route to chaos and synchronization of coupled chaotic circuits of the present system for improved high security communication systems.
